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Executive Summary/Abstract 
Support estimation (SE) of a sparse signal refers to finding the location indices of nonzero 

elements in a sparse representation. In general, traditional SE approaches are based on iterative 

algorithms consisting of greedy methods and optimization techniques. This is due to the fact that 

a vast majority of them apply sparse signal recovery (SR) techniques to obtain support sets. On 

the other hand, the SE task is less complicated than SR and computing direct mapping from the 

measurement (for example, compressively sensed) to the nonzero locations is more desired. This 

project proposes a novel approach for learning such a mapping from the measurement signal. To 

accomplish this objective, the Operational Sparse Support Estimator Networks (OSENs), each 

with a compact configuration, are designed. The proposed network composes of 2D-operational 

layers with the non-linear neuron model. Hence, the learning capability of neurons (filters) is 

greatly improved with shallow architectures compared to the traditional convolutional layers 

performing linear transformation. The proposed OSEN can be a crucial tool for the following 

scenarios: 1) real-time and low-cost SE can be applied in any mobile and low-power edge device 

for anomaly localization, simultaneous face recognition, and so on and 2) OSEN’s output can 

directly be used as “prior information,” which improves the performance of sparse SR algorithms. 

The results over the benchmark datasets show that state-of-the-art performance levels can be 

achieved by the proposed approach with a significantly reduced computational complexity 

thanks to proposed direct SE approach and operational layers. 

Goals and Objectives 
1) We aim for energy efficient SE and learning-aided Compressive Sensing (CS). The task of SE is 

defined as finding the locations of non-zero elements in a sparse signal. The traditional 

approaches for SE are based on iterative approaches: they first apply signal reconstruction via 

iterative recovery schemes and perform thresholding to obtain the support set. In this project, 

the proposed OSENs are trained to optimize the SE. To the best of our knowledge, this is the first 

study that proposes a learning-based approach for noniterative SE using non-linear neurons. 

2) For an efficient and non-iterative SE, we propose Operational Support Estimator Networks 

(OSENs). The proposed OSEN consists of operational layers that highly improve the learning 

capability of the network by the introduced non-linearity. 
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3) The proposed OSENs are designed with “generative super-neurons” with non-localized 

kernels. In the classical neuron model, the kernel filters are fixed where the input pixel is located 

at the center, whereas the OSENs jointly learn the optimal kernel location for each layer during 

training using so-called “super-neurons” with non-localized kernels. 

There are many applications where computing the support set is more important than computing 

the magnitudes of sparse codes. For example, in a (sparse) representation-based classification 

scheme [1], training samples are stacked in a dictionary in such a way that a subset of the columns 

consists of the samples of a specific class. Several representation-based classification approaches 

are face recognition [2], COVID-19 recognition [3], and early COVID-19 detection [4]. Similarly, 

anomaly detection in sparse signals ([5] and [6]) is indeed a task of SE. In these applications, 

finding the location of the target is more important than performing exact signal reconstruction. 

In this project we focus on representation-based classification task, where the proposed OSEN 

has a unique strategy to highly enhance the classification performance. The network uses hybrid-

loss that penalizes both SE estimation and classification errors during the training and boost the 

SE estimation and classification performances jointly. 

4) Overall, we believe that this project builds the first step of solving linear inverse problems using 

networks with non-linear neuron models. The proposed SE system is shown to improve the SE 

performance compared to the linear model with Convolutional Support Estimator Networks 

(CSENs) [7], especially in low measurement rates (MRs) and imperfect sparsity in the case of CS 

of approximate sparse signal or noisy environment. 

Differences from Current State of Art 
The existing SE studies are based on first applying SR and then performing threshold over the 

reconstructed signal. However, the SR task is more challenging than the SE and in many cases 

such as classification and anomaly detection, the SE would be sufficient. Thus, our proposed 

approach is trained to produce direct support sets from the measurements without performing 

SR. In this way, we achieve the improved accuracy and computational efficiency. In the previous 

project, the CSENs [7] were proposed equipped with traditional convolutional layers. The OSENs 

with operational layers have superior learning ability with non-linear kernel transformation 

functions compared to the CSENs. Furthermore, the proposed super-neuron model has non-

localized kernels so that the kernel locations are not fixed and they are optimized during the 

training of the network. It is observed that the proposed OSEN have improved the classification 

and SE accuracy of the CSENs with more compact network structures. 
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Methods and Datasets 
Let an image, 𝐲, be from a particular class is queried in testing: the estimated sparse codes, �̂�, 

should have non-zero entries which are located in a specific location so that the corresponding 

columns in the dictionary matrix, 𝐃, are the samples from the actual class of the image. This 

problem is also known as the representation based classification, which is a typical example 

where the support set location is the main information we are seeking. The illustration of such 

representation scheme is given in Figure 1. 

 

Figure 1. The representation of a sample y is illustrated in the dictionary D. 

With a possible dimensional reduction via a compression matrix 𝐀 ∈ ℝ𝒎×𝒅  with 𝑚 < 𝑑 , the 

sample 𝐲 ∈ ℝ𝑚 can be obtained from 𝐬 ∈ ℝ𝑑 as follows: 

𝐲 = 𝐀𝐬 = 𝐀𝚽𝐱 = 𝐃𝐱, 

where 𝐱 ∈ ℝ𝑛  is the sparse representation coefficients (in 𝚽ℝ𝑑×𝑛 ) and 𝐃 ∈ ℝ𝑚×𝑛  is the 

equivalent dictionary. The sparse representation-based classification (SRC) approaches [8, 9] 

computes the sparsest solution with ℓ1- norm such that   �̂� = arg min
𝐱

{‖𝐃𝐱 − 𝐲‖𝟐
𝟐 − 𝜆‖𝐱‖1}. In 

collaborative representation-based classification (CRC) [10], it is proposed to follow ℓ2 -

minimization instead of ℓ1-minimization: �̂� = arg min
𝐱

{‖𝐲 − 𝐃𝐱‖𝟐
𝟐 + 𝝀‖𝐱‖𝟐

𝟐}. Consequently, CRC 

is particularly faster compared to iterative SRC recovery algorithms. They also report in [10] that 

CRC performances on different classification problems are comparable with ℓ1 -minimization 

based approaches (even better than some other approaches) for high compression rates. In this 

project, we use both SRC and CRC approaches to provide comparative evaluations. 

As it can be seen in Figure 2, the input of the OSEN is the proxy �̃� which is a coarse estimation of 

𝐱 as 𝐱 = (𝐃𝑇𝐃 + 𝜆𝐈)−1𝐃𝑇𝐲. Operational layers of OSENs approximate non-linear transformation  
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Figure 2. The proposed OSEN framework performing direct SE using operational layers. Thanks 
to the classifier part, the direct mapping from supports to class labels is possible. 

 

functions using Taylor-series expansion. For example, for a pixel 𝑥𝑖,𝑗  and scalar weight, the 

transformation function is expressed as: 

𝑔(𝑥𝑖,𝑗 , 𝐰) = 𝑤0 + 𝑥𝑖+𝛼,𝑗+𝛽𝑤1 + 𝑥𝑖+𝛼,𝑗+𝛽
2 𝑤2 + ⋯ + 𝑥𝑖+𝛼,𝑗+𝛽

𝑄 𝑤𝑄, 

where {𝑤𝑞 =
𝑓(𝑞)(0)

𝑞!
}

𝑞=0

𝑞=𝑄

, 𝛼 and 𝛽 are the trainable parameter corresponding 𝑞th coefficient of 

the 𝑄th order polynomial. In this way, the filter kernel has shifted and act as non-localized by 𝛼 

and 𝛽 with respect to the center pixel as illustrated in Figure 3. 

 

Figure 3. Operations with localized (left) and non-localized (right) kernel operations to create 
the center pixel output. 

Since OSEN takes reshaped proxy �̃�  as input, the corresponding indices of the atoms in the 

dictionary, 𝐃, are re-ordered to make sure that samples from the same classes are grouped 

together in the reshaped 2-D plane. This is illustrated in Figure 2. Note the fact that the grouped 
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samples would have different sizes depending on the number of dictionary samples and classes 

which also determines the definite input, output mask, and average pooling stride sizes of the 

OSEN. 

Results 
In the first experimental setup, we simulate a CS system making data acquisition from the MNIST 

dataset in different MRs. Next, OSENs are tested on a well-known support recovery problem, 

where face recognition is performed based on sparse codes using Yale-B [11]. Finally, the 

proposed approach is evaluated for band selection problem of hyperspectral image (HSI) data 

with Indian Pines dataset [12], where each frequency band is represented by the linear 

combination of other bands and the larger representation coefficients (supports) determine the 

importance of bands. 

Figure 4 shows the sparsity rate histogram for MNIST dataset. The experimental setup is designed 

where sparse signal 𝐱 is compressively sensed. The MNIST dataset contains 70 000 samples that 

are divided into three splits as 50 000/10 000/10 000 samples corresponding train/validation/test 

sets. Each image in the dataset has 28 × 28 pixel resolution with intensity values ranging from 0 

(black, background) to 1 (white, foreground). Samples are vectorized, i.e., 𝑖th sample is in the 

form of 𝐱𝑖 ∈ ℝ𝑛=784. Using the test set, computed F1-scores are presented in Table 1. It is shown 

that the proposed OSEN models outperform the previous state-of-the-art CSENs. Especially, for 

low MRs where the SE task becomes more challenging, the performance gap is around 4.5% 

between the proposed approach and competing method. 

 

 

Figure 4. Histogram of sparsity ratio in MNIST dataset samples. 
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Table 1. Sparse signal recovery performances (F1-scores) using MNIST with different m/d, 
Measurement Rates (MRs). 

MR CSEN1 CSEN2 
OSEN 

(Q = 1) 

OSEN 

(Q = 3) 

OSEN 

(Q = 5) 

0.05 0.7914 0.8332 0.8625 0.8785 0.8780 

0.1 0.8383 0.8739 0.8972 0.9063 0.9119 

0.25 0.8969 0.9155 0.9257 0.9225 0.9366 

 

In the Yale-B dataset, there are 2414 face images with 38 identities as some samples are 

illustrated in Figure 5. The face recognition experiment is repeated five times with samples 

randomly selected to build the dictionary, train, and test sets with 32, 16, and 16 samples each 

for Yale-B, respectively, for OSEN and CSEN schemes, and 25% of training data is separated as 

validation. To have a fair comparison, for CRC and SRC methods, the training set is also included 

in the dictionary, which are 48 samples per identity for Yale-B. For the Yale-B database, we use 

vectorized images in the dictionary. The proposed method is compared against CRC and SRC 

techniques with the following seven state-of-the-art SR solver: ADMM [13] and DALM [14]. The 

face recognition accuracies are presented in Table 2 and it is shown that proposed approach 

outperforms other competing methods in low MRs. Note that even though DALM and ADMM 

methods provide larger accuracies with high MRs, as presented in Table 3, their computational 

time complexities are larger than OSENs and they suffer low MRs. 

 

Figure 5. Sample images from Yale-B face recognition dataset. Rows are selected identities and 
columns are their corresponding samples. 
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Table 2. Face recognition accuracies over Yale-B dataset using different 𝑚/𝑑, Measurement 
Rates (MRs). 

MR CRC DALM ADMM CSEN1 CSEN2 
OSEN 

(𝑄 = 1) 

OSEN 

(𝑄 = 2) 

OSEN 

(𝑄 = 3) 

OSEN 

(𝑄 = 4) 

OSEN 

(𝑄 = 5) 

0.01 0.1797 0.4356 0.2576 0.5559 0.5288 0.5017 0.5695 0.5797 0.5898 0.5458 

0.025 0.7136 0.8492 0.8661 0.8254 0.8322 0.8017 0.8610 0.8610 0.8542 0.8203 

0.05 0.9000 0.9390 0.9475 0.8475 0.8797 0.8407 0.9051 0.9000 0.8864 0.8746 

0.1 0.9542 0.9593 0.9627 0.8356 0.8475 0.7814 0.8949 0.8644 0.8881 0.8695 

 

Table 3. Average elapsed times in milliseconds (ms) for the estimation of a test sample using 
different 𝑚/𝑑, Measurement Rates (MRs). 

MR CRC DALM ADMM CSEN1 CSEN2 
OSEN 

(𝑄 = 1) 

OSEN 

(𝑄 = 2) 

OSEN 

(𝑄 = 3) 

OSEN 

(𝑄 = 4) 

OSEN 

(𝑄 = 5) 

0.01 0.54 5.41 2.36 

0.21 0.28 0.21 0.24 0.30 0.36 0.41 

0.025 0.74 13.12 3.03 

0.05 0.57 40.36 5.13 

0.1 0.62 57.56 11.51 

 

Finally, the proposed approach is evaluated for band selection task of HSI data. Indian Pines 

dataset is used consisting of 200 frequency bands. For the competing methods, Principal 

Component Analysis (PCA), Sparse Representation based Band Selection (SpaBS) [15], Efficient 

Graph Convolutional Self Representation (EGCSR) [16], and Improved Sparse Subspace Clustering 

(ISSC) [17] methods have been used in the comparisons. After the band selection procedure is 

applied with the selected selection method, SVM classifier is applied for the classification. The 

experiments are repeated for 10 times and the averaged classification accuracies are reported. 

In Figure 6, the graph shows that the proposed approach provides improved classification 

accuracies compared to other band selection approaches. The accuracy gap between OSEN 

model with 𝑄 = 5 and other approaches are more visible when the number of selected bands is 

15. 
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Figure 6. Classification accuracy versus the selected number of bands by the proposed OSEN 
approach and different band selection methods on the Indian Pines hyperspectral image dataset. 

Functionality of Innovation(s) 
The first-generation CS-recovery or sparse representation methods only use the information that 

the signal, which we encounter in real life, is sparse in a proper domain or dictionary. On the 

other hand, most sparse signals in practical applications exhibit a kind of structure. In second-

generation sparse representation models, researchers realized that, in addition to arbitrary 

sparsity, any prior information about the sparse code can be used in modeling more advanced 

recovery schemes. For example, the indices of the nonzero wavelet coefficients of an image 

mostly exhibit grouping effect. This kind of group sparsity pattern can be imposed by designing 

the optimization problem involving mixed norm minimization problems instead of simple ℓ1-

norm. On the other hand, more complex sparsity structures require a more complex model 

design. This project has proposed an alternative solution to the handcrafted model-based sparse 

SR approaches, to be able to learn the pattern inside sparse code (or structural sparse signals) by 

a machine learning technique. This project also builds the first step of solving linear inverse 

problems using networks with non-linear neuron models. 

Conclusions and Recommendations 
Sparse support estimators based on traditional sparse SR techniques suffer from computational 

complexity and they tend to fail at low MRs completely. The proposed OSENs can be considered 

as reconstruction free and noniterative support estimators. In this project, we have shown that, 

the proposed approach provides satisfactory support recovery performances where the SR task 
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is not the main concern. First, we have proposed a novel and learning based support estimator 

having compact network design. Compact network designs enable efficient learning even from a 

small size training set. Moreover, the proposed OSEN models outperform their ancestor CSENs 

thanks to the introduced operational layers with non-linear kernel transformation functions and 

non-localized kernels. 

Impact and Uses/Benefits 
Advanced Machine Learning especially for scarce data is a great asset for any service company 

offering AI solutions to real world problems. 

The proposed approach can be used in many tasks such as classification, anomaly localization, 

and various CS based applications including compressive video surveillance systems and 

Distributed Compressive Sensing based surveillance. 

A hybrid method can still be used with the proposed approach: the output of OSEN also provides 

the probability of support sets that can be used as prior in the classical CS schemes. In this way, 

the newly introduced learning-aided CS scheme with OSENs addresses the time complexity issue 

of the recovery algorithms. 

The proposed Machine Learning techniques, designed especially for scarce data can be used in 

many tasks and various applications including (distributed) video surveillance systems empowers 

Haltian and other IAB in the intelligent built environment field to enhance their EB solution 

portfolio and help them improve their products. 
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