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Executive	Summary/Abstract	

Objective: Bioelectric measurements convey information about the function of the underlying 
organ or tissue. Despite the difference and complexity of the patterns in the cells’ electrical 
activity, they may superficially appear to have a same phenotype. Therefore, the study of such 
signals is an interesting choice of medical experts for diagnosis and treatment. Identifying the 
underlying dynamics of physiological events using bioelectric signals is crucial to understand their 
functions. This provides discriminant characteristics for detecting the interest event from the 
background activity.  

In this project, our focus is to use Electroencephalography (EEG) recordings to detect seizure 
events automatically based on nonlinear dynamics. This is a hot topic in epilepsy research 
community since diagnosis is still preformed by visual inspection. The tedious screening of long-
term EEG recordings gives rise to the importance of automatic seizure detection methods. Thus, 
we propose a seizure detection system. For validating the proposed method, we use two publicly 
available datasets (CHB-MIT [1] [2] and University Hospital of Bonn dataset [3]). 

Method: The pipeline of the proposed method is described as follows: 

Preprocessing: The two-step approach is used in this study to reduce the noise and artifact. In the 
first step, each EEG segment passed through a low- and high-pass second-ordered Butterworth 
filter with cutoff frequency of 100Hz and 1 Hz, respectively. The filtered epochs are then filtered 
using moving average filter using a span of three. In the second step, six conditions are used to 
suggest whether the EEG segment can be processed or should be rejected from further processing 
and detected as artifact. The rule-based criteria catch the eye movement and muscle artifacts. 

Feature extraction: Totally 3 features are extracted based on the nullclines points. First the phase 
space of each 1-second segment is reconstructed using 𝑚 = 	3 and 𝜏 = 31. Then the trajectory 
points located on the nullclines of the three dimensions are determined (the theoretical framework 
addressed in Appendix). Afterwards, the Euclidean distances of 𝑥-, 𝑦-, and 𝑧-nullcline points from 
origin, (0,0,0), are calculated. The median of these distances in each dimension is used as the 
features. 

Classification: The extracted features are fed into a two-layer classification network to classify the 
EEG segment into seizure or non-seizure. In the first layer, Quadratic Discriminant Analysis 
(QDA) classifiers are used to classify the corresponding features from all 23 channels. In the 
second layer, the 23-dimension class-label vector are fused using a feedforward Artificial Neural 
Network (ANN) with one hidden layer and eight hidden neurons. 

Results: Using a limited training data (only the 25% of each EEG record), the proposed method 
achieved an elegant average classification performance level with a 90.57% sensitivity and 97.30% 
specificity. Moreover, the average sensitivity and specificity of 95.36% and 95.77% are achieved 
for the second dataset in 10-fold cross validation strategy.  
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Differences	from	Current	State	of	Art	

The main differences (novelties) of the proposed approach in this project listed as follows:  

(1) Feature Design: Despite the conventional methods for feature extraction such as 
characterization of signal using time, frequency, and time-frequency domain descriptors, the 
proposed feature extraction method reveals the underlying dynamics of the system. In this project, 
the point of view is associate with the hypothesis that the dynamic of the epileptic brain neuronal 
system can be described by nonlinear differential equations. It is assumed that there are multi states 
(i.e. seizure vs non-seizure) exists in the epileptic brain, which their differences can be described 
by the parameters (and initial condition) of the origin differential equations and consequently by 
the deformation in the structure of the reconstructed phase space.  

(2) Training Strategy: In order to mimic a real life EEG monitoring scenario, we partition each 
record from the beginning as train and test datasets so that the early section of the data used for 
training is assumed to be the past record of the patient while the latter section is then taken as the 
future record that the monitoring takes place. For the training dataset, 25% of each record for both 
seizure and non-seizure events is used. The remaining 75% of record is used as the test dataset 
over which the classification performance evaluated. The main goal of using such a limited training 
dataset is to mimic a real-case scenario that a medical expert would only annotate a small section 
of the seizure/non-seizure events in reality and then the trained system is expected to detect 
accurately all the seizure events that occur in the future (see Figure I). 

 

Figure I. Block diagram of the seizure detection system for Dataset I 

To the best of our knowledge, the state-of-the-art works for seizure detection use the majority of 
the dataset for training purpose [4] [5]. However, this is not an appropriate strategy for 
evaluation of the generalization power and system accuracy. 

(3) System Performance: The proposed method achieved significantly higher accuracy in 
seizure detection using a limited training data (only the 25% EEG recordings). This is discussed 
in the next section (Section Results).	  
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Results	

The classification performed to show the discrimination power of the extracted features between 
seizure and non-seizure samples. For classification results, we use standard performance metrics: 
Sensitivity (Sens), Specificity (Spec), Accuracy (Acc), and the Area under the ROC curve (AUC). 

In Table	I, the achieved classification results for Dataset I with only 25% training rate is shown. In 
addition, the results of our previous works are reported in the parentheses ( [6] & [7]) for 
comparison. The results clearly indicate an elegant level of discrimination capability of the 
proposed feature extraction method. The average sensitivity and specificity of 90.13% and 97.17% 
have achieved using the proposed method. As can be seen, the results are significantly improved 
in contrast to our previous works. Especially in comparison with [6], where in the reported results 
the two challenging patients 6 and 12 were excluded. 

The achived results in patients 4, 7, 8, 9, 10, 12, 16, 17, 18 and 23 are significantly improved in 
contrast to the previus works. The efficincy of the preprocessing procedure on the accuracy of 
seizure detection for patient 4 is obvious. For patient 6 almost all the methods fail in terms of either 
low sensitivity or specificity. Different factors cause the low detection accuracy in this patient such 
as short duration of seizure events (between 13 to 21 seconds), and noise contamination. In patients 
20 and 24, lower performance is obtained in contrast to our prior works. 

To provide detailed understanding of the system performance the obtained confusion matrix is 
shown in Figure IITable II. Based on the reported sensitivity in Table II, in patients 6, 8, 12, 20, and 
24 the seizure segments, which were wrongly detected as non-seizure (False Negative-FN), are 
relatively high. The non-seizure segments that wrongly detected as seizure (False Positive-FP) is 
relatively low in contrast to the number of correctly detected non-seizure. However, if the systems 
supposed to be used as online seizure detection it produces high number of false alarms for patient 
6, 8, 12, 14, 18, 20, and 24. The overall FP for all patients in [7] was 45626 while in this work it 
reduces to 15907 which shows almost three (2.87) times lower FP.  
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Table I. The classification results over test set using 25% training rate in Dataset I. The achieved results are based 
only on one feature (the median of the Euclidean distances of x-, y-, and z-nullcline from origin). The results of our 
two previous works are reported in the parentheses ( [6]& [7]). NR means not reported. 

Patient Sens (%) Spec (%) Acc (%) AUC (%) 
1 97.92 (94.66 & 97.32) 99.67(99.72  & 98.66) 99.64 (NR & 98.63) 98.79 (NR & NR) 
2 100 (98.48 & 100) 96.99(80.17  & 94.27) 97.06 (NR & 94.39) 98.50 (NR & NR) 
3 100 (97.07 & 100) 94.98 (92.74 & 91.88) 95.06 (NR & 92.02) 97.49 (NR & NR) 
4 89.86 (71.78 & 96.50) 99.85 (52.46 & 83.08) 99.75 (NR & 83.21) 94.85 (NR & NR) 
5 98.34 (96.93 & 82.94) 98.65 (99.00 & 99.50) 98.64 (NR & 98.98) 98.49 (NR & NR) 
6 29.51 (NR & 81.15) 92.29(NR & 67.68 ) 92.18 (NR & 67.70) 60.90 (NR & NR) 
7 92.68 (90.24 & 85.77) 99.92 (99.60 & 99.30) 99.84 (NR & 99.17) 96.30 (NR & NR) 
8 92.06 (95.67 & 82.83) 99.75 (94.51 & 96.85) 99.36 (NR & 96.13) 95.91 (NR & NR) 
9 100 (100 & 98.10) 97.88 (75.58 & 96.80) 97.89 (NR & 96.82) 98.94 (NR & NR) 

10 97.94 (92.38 & 86.18) 99.89 (96.55 & 98.99) 99.87 (NR & 98.88) 98.91 (NR & NR) 
11 100 (95.88 & 98.51) 99.83 (95.73 & 94.51) 99.84 (NR & 94.83) 99.91 (NR & NR) 
12 76.64 (NR & 73.49) 86.27 (NR & 80.73) 85.99 (NR & 80.52) 81.46 (NR & NR) 
13 80.12(86.13 & 96.44) 99.73 (96.25 & 94.04) 99.38 (NR & 94.08) 89.92 (NR & NR) 
14 99.24 (81.95 & 97.73) 89.62 (99.75 & 91.96) 89.69 (NR & 92.00) 94.43 (NR & NR) 
16 87.72(86.81 & 73.68) 99.99(98.80 & 88.22) 99.93 (NR & 88.16) 93.85 (NR & NR) 
17 95.05 (63.51 & 86.04) 99.23 (98.23 & 96.48) 99.11 (NR & 96.19) 97.14 (NR & NR) 
18 100 (81.07 & 100) 82.85 (93.99 & 79.88) 83.12 (NR & 80.20) 91.42 (NR & NR) 
19 95.53(98.89 & 75.42) 99.53 (97.13 & 98.93) 99.44 (NR & 98.39) 97.53 (NR & NR) 
20 78.76 (93.01 & 94.25) 99.22 (97.79 & 98.14) 98.92 (NR & 98.08) 88.99 (NR & NR) 
21 94.74 (95.42 & 99.34) 99.60 (98.34& 98.53) 99.53 (NR & 98.54) 97.17 (NR & NR) 
22 100 (100 & 97.42) 99.77 (93.29 & 98.64) 99.78 (NR & 98.62) 99.89 (NR & NR) 
23 98.76 (67.9 & 59.75) 99.48 (99.05 & 99.37) 99.47 (NR & 98.84) 99.12 (NR & NR) 
24 68.07 (83.08 & 67.33) 99.88 (99.59 & 97.50) 99.49 (NR & 97.12) 83.98 (NR & NR) 

Average 90.13 
(89.01 & 88.27) 

97.17 
(94.71 & 93.21) 

97.09 
(NR & 93.11) 

93.65 
(NR & NR) 
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Table II. True Positive (TP), False Negative (FN), True Negative (TN), and False Positive (FP) achieved for the test 
set using 25% training rate. 

Patient Seizure detected as 
seizure (TP) 

Seizure detected as 
non-seizure (FN) 

Non-seizure detected 
as non-seizure (TN) 

Non-seizure detected 
as seizure (FP) 

1 329 7 17548 58 
2 131 0 5807 180 
3 306 0 17658 934 
4 257 29 28438 44 
5 415 7 12900 177 
6 36 86 64408 5381 
7 228 18 24136 20 
8 638 55 12774 32 
9 210 0 25118 545 

10 333 7 37463 43 
11 606 0 6924 12 
12 584 178 21898 3484 
13 270 67 18511 50 
14 131 1 16818 1948 
16 50 7 13439 2 
17 211  11 7834 61 
18 242 0 12396 2566 
19 171 8 7693 36 
20 178 48 14684 115 
21 144 8 10148 41 
22 155 0 7926 18 
23 319 4 23743 123 
24 275 129 31958 37 
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For further evaluation of the proposed feature extraction method, it is applied on Dataset II. The 
average classification results achieved in a 10-fold cross validation are listed in Table III. The 
average sensitivity (specificity) of 91.13% (96.81%) and 95.36% (95.77%) obtained using QDA 
and ANN classifier, respectively. In this dataset, only a single channel recording is provided, 
therefore we have used only one of the classifiers used for Dataset I.  

Table III. The average classification results (Sensitivity, Specificity, Accuracy, and area under the ROC curve) in 
10-fold cross validation for Dataset II. The standard deviation of results in all fold are reported in parentheses. 

Dataset 
partitioning cases QDA (no resampling) ANN (with resampling) 
Seizure Healthy Sens(%) Spec(%) Acc(%) AUC(%) Sens(%) Spec(%) Acc(%) AUC(%) 

E A 99.01 
(0.0116) 

98.77 
(0.0063) 

98.92 
(0.0069) 

98.89 
(0.0071) 

98.80 
(0.0111) 

99.62 
(0.0033) 

99.23 
(0.0045) 

99.21 
(0.0048) 

E B 90.46 
(0.0103) 

96.33 
(0.0140) 

93.42 
(0.0071) 

93.40 
(0.0077) 

92.42 
(0.0251) 

95.24 
(0.0191) 

93.87 
(0.0120) 

93.83 
(0.0126) 

E C 93.19 
(0.0130) 

96.31 
(0.0176) 

94.75 
(0.0055) 

94.75 
(0.0062) 

96.37 
(0.0155) 

96.68 
(0.0156) 

96.54 
(0.0069) 

96.53 
(0.0074) 

E D 82.05 
(0.0247) 

95.89 
(0.0161) 

89.00 
(0.0160) 

88.97 
(0.0175) 

93.65 
(0.0230) 

92.66 
(0.0215) 

93.19 
(0.0109) 

93.16 
(0.0109) 

E A, B, C 93.06 
(0.0239) 

96.24 
(0.0093) 

95.43 
(0.0071) 

94.65 
(0.0108) 

95.62 
(0.0146) 

95.78 
(0.0044) 

95.73 
(0.0025) 

95.70 
(0.0058) 

E A, B, C, 
D 

89.02 
(0.0194) 

97.34 
(0.0045) 

95.68 
(0.0062) 

93.18 
(0.0106) 

95.30 
(0.0096) 

94.69 
(0.0058) 

94.81 
(0.0041) 

94.99 
(0.0043) 

Average 91.13 96.81 94.53 93.97 95.36 95.77 95.56 95.57 
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Functionality	of	Innovation(s)	

As discussed in the previous section, the proposed seizure detection approach achieved reasonably 
high performance. To be more specific about the proposed feature extraction method two examples 
are chosen from CHB-MIT dataset, which show the feature space. In Figure II, the red and blue 
samples indicate the seizure and non-seizure segments, respectively. The extracted features clearly 
show the discrimination power between seizure and non-seizure samples. As can be seen, the 
variation inside the seizure class shows that specific patient can suffer from seizure events with 
different dynamic. Although there are some variations within the non-seizure class, its dynamic is 
more concentrated in contrast to the seizure distribution. 

 
Figure II. The feature space scatter plot in Dataset I. The seizure and non-seizure samples are shown with red blue, 
respectively. a) Feature space for patient 1-channel FP1-F7. b) Feature space for patient 11-channel T7-FT9. These 
plots achieved after smoothing the features using moving average in feature domain (as discussed in Section 
III.Error! Reference source not found.). Here the features of all test and training sets are used only for 
visualization purpose. 

In Figure III, different feature spaces corresponding to six cases for classification are shown. Each In Figure III, different feature spaces corresponding to six cases for classification are shown. Each 
case the seizure samples are same while the non-seizure samples vary. The feature spaces admit 
the high variation within seizure class. As can be seen the discriminant power of features are 
clearer than Dataset I. The main reason is that Dataset II contaminated with less artifact and noise. 
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Figure III. The feature space for Dataset II in six different partition cases used for classification. The seizure and 
non-seizure samples are shown with red and blue color, respectively. 

However, the main novelty of the proposed method is that the extracted features not only 
discriminate between seizure and non-seizure class, but also reflected the origin system 
characteristics. Our observations indicate that the geometrical shape of the nullclines change 
during seizure occurrence. Therefore, it can be deduced that the dynamic of the governed equation 
is changing. In addition, the changes in the location of nullclines can lead to the changes of their 
common intersections. Thus, the steady states of the EEG and their stability can also be affected. 
However, this needs more inspections and can be a subject for future studies. 
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Conclusions	and	Recommendations	

In this project, a new feature extraction method is proposed based on the nullcline analysis. The 
proposed method reveals information about the nullcline of the system over the reconstructed 
phase space. These features reflect information about the underlying system only based on a 
measurement. The achieved results for Dataset I yields the highest average sensitivity and 
specificity rate in contrast to the state-of-the-art methods. Moreover, the classification performance 
obtained using only three features, which shows the potential application of the proposed approach 
for online processing. For further evaluation of the proposed feature extraction method, it is tested 
on Dataset II. The achieved results admit the discriminant power of extracted features.  

The proposed features show changes in geometrical shape of the nullclines during seizure 
occurrence. Its dynamical interpretation is that the dynamic of the governed equation is changing. 
One hypothesis can be that during seizure attack the steady state of the governed differential 
equation is changing.  The reason behind this hypothesis is that the nullclines are correlated with 
equilibrium points of the system. However, this needs to be verified in future studies. The other 
subject for future study is reducing the False Positive rate and using more sophisticated 
preprocessing approach. 
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Impact	and	Uses/Benefits	

The expected impacts and exploitation of the project's results are listed as follows: 

1. Scientific area:  
o Contributing to better understanding of the mechanism of the physiological event such as 

epileptic seizure. This is beneficial for diagnosis, prediction, treatment, and research 

purposes. 

2. Technology area: 
o Innovative, accurate and cost effective algorithm for seizure detection devices and epilepsy 

medical environments. Specifically, improving the accuracy of long-term EEG screening. 
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Appendix	

In this section, the theoretical framework of nullclines and the proposed approach for visualizing 
these geometrical shapes on reconstructed phase space are described. Moreover, the proposed 
method is applied over 5 well-known 3-dimensional differential equation systems. 

The concept of nullcline was introduced by Endre Simonyi with the name of “directivity-curve”. 
He used nullcline to approximate position and stability of the steady states of a mathematical model 
of polymerization processes [8]. Let’s consider a two dimensional differential equation 

𝑑𝑥
𝑑𝑡 = 𝑓(𝑥, 𝑦)

𝑑𝑦
𝑑𝑡 = 𝑔(𝑥, 𝑦)

 

Then 𝑥-nullcline is a set of points in phase space where 23
24
= 0. Similarly, the y-nullcline is defined 

as a set of points in phase space where 25
24
= 0. The geometrical interpretation of 𝑥-nullcline is the 

points, which they do not change along the 𝑥 coordinate by the passage of time. These points only 
evolve straight up or down with time. Accordingly, 𝑦-nullcline only have horizontal movement 
(going either to left or right).  

Recall that equilibrium points are defined where 23
24
= 25

24
= 0. This means that the intersection of 

“all” nullclines is equal to the location of equilibrium point. Additionally, nullclines divide the 
phase space into different regions in terms of the relative signs of 23

24
 and 25

24
.  In other words, it 

shows the flow direction of variables in solution space. Thus, depicting the flow direction in the 
neighborhood of equilibrium point reveal the stability status (stable, non-stable, saddle, etc.) of the 
steady states. This concept can be generalized to higher dimensions. 

This stability test is used for qualitative analysis of differential equation. In this approach, first the 
nullclines are sketched on phase space based on the given equations. Then, the evolution of the 
differential equations’ variables inside the divided region, formed by nullclines, are determined. 
Once the abovementioned information are depicted on phase space, the dynamic of the system 
including the equilibrium points and their stability status are explored. 

However, if there is nothing known about the differential equation other than physical 
measurement, then another approach is needed to sketch the nullclines. In this study, we use the 
nullcline concept to extract more detailed information from the reconstructed phase space. For this 
purpose, the following systematic approach is proposed: 

Step 1: First, the phase space is reconstructed using the embedding dimension 𝑚 and time lag 𝜏 
based on the delay-embedding theorem.  
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Step 2: The flow of each state in the reconstructed phase space (i.e. the path of a projectile as a 
function of time in a 𝑚-dimensional space) is obtained using numerical gradient. This provides 
the values of 23

24
 and 25

24
 (and 26

24
 in three dimensional space). 

Step 3: As it is mentioned, the 𝑥- and 𝑦- nullcline (𝑧-nullcline) are defined where 23
24
= 0 and 25

24
=

0 (26
24
= 0), respectively. Moreover, we know that nullclines divide the phase space into different 

regions in terms of the relative signs. Therefore, the zero-crossing points of the 23
24

 and 25
24

 (26
24

), 
which are achieved in Step 2, are calculated on the phase space. The zero-crossing points in fact 
reflect the graphical representation of nullclines on the phase space trajectory.   

To demonstrate the feasibility of the described method in detection of nullclines, we have 
evaluated the proposed method on 5 well-known three dimensional differential equations in chaos 
theory; Lorenz, Rabinovich–Fabrikant, Rössler, Chua's circuit, and an alternation of Genesio 
system. In Table IV, the definition, parameters and their equilibrium points are shown. These 
systems have been chosen due to their strong nonlinearity and interesting characteristics. 
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Table IV: The name of systems and their corresponding parameters, initial values, and the equilibrium points. 

 
Differential Equations System 

Parameters and Initial Values 
(embedding dimension and 

time lag) 
Equilibria 

a 

Lorenz system [9] is a simplified 
mathematical model of atmospheric 
convection. 

𝑑𝑥
𝑑𝑡

= 	𝜎(𝑦 − 𝑥)

𝑑𝑦
𝑑𝑡

= 	𝑥 𝜌 − 𝑧 − 𝑦

𝑑𝑧
𝑑𝑡

= 	𝑥𝑦 − 𝛽𝑧

	

𝜌 = 28,	𝜎 = 10,	𝛽 = 8/3	
(𝑥A, 𝑦A, 𝑧A) 	= 	 (0.001, 0.001, 0.001) 

(𝑚 = 	3, 𝜏 = 5) 

0,0,0  
(± 𝛽 𝜌 − 1 ,± 𝛽 𝜌 − 1 , 𝜌 − 1) 

b 

Rabinovich–Fabrikant system [10] consists 
of three coupled ordinary differential 
equations which exhibits chaotic behavior 
for certain parameters.	

𝑑𝑥
𝑑𝑡

= 𝑦 𝑧 − 1 + 𝑥F + 𝛾𝑥

𝑑𝑦
𝑑𝑡

= 𝑥 3𝑧 + 1 − 𝑥F + 𝛾𝑦

𝑑𝑧
𝑑𝑡

= 	−2𝑧(𝛼 + 𝑥𝑦)

	

 

𝛾	 = 	0.1, 𝛼	 = 0.288 
(𝑥A, 𝑦A, 𝑧A) 	= 	 (0.05, −0.05, 0.3) 

(𝑚 = 	3, 𝜏 = 32) 

(0,0,0)	
(± IJKLFI

MINOP
, ± 𝛼 MINOI

JKLF
, PJKLJQ
MINOP JKLRINSP

)	

(± IJKNFI
NMILOP

, ± 𝛼 MINOI
NJKLF

, PJKNJQ
MINOP JKNRILSP

)	

where		
𝑅Y = 	 3𝛾F − 4𝛼𝛾 + 4	

𝑅F = 4𝛾𝛼F − 7𝛼𝛾F + 3𝛾O + 2𝛾	

c 

Rössler system [11] is an autonomous 
system with chaotic behavior while there is 
only one nonlinear term in its equations	

𝑑𝑥
𝑑𝑡

= −𝑦 − 	𝑧

𝑑𝑦
𝑑𝑡

= 𝑥 + 𝑎𝑦

𝑑𝑧
𝑑𝑡

= 	𝑏 + 𝑧(𝑦 − 𝑐)

	

 

𝑎	 = 	0.2, 𝑏 = 0.2, 𝑐	 = 	5.7 
 (𝑥A, 𝑦A, 𝑧A) 	= 	 (0.1, 0.2, 0.3) 

(𝑚 = 	3, 𝜏 = 150) 

(𝑅Y𝑎, −𝑅Y, 𝑅Y) 
(𝑅F𝑎, −𝑅F, 𝑅F) 

𝑊ℎ𝑒𝑟𝑒 

𝑅Y,F =
𝑐 ± 𝑐F − 4𝑎𝑏

2𝑎
 

d 

Chua's circuit [12] is an electronic circuit 
that produces an oscillating waveform that 
never “repeats” and shows chaotic behavior.	

𝑑𝑥
𝑑𝑡

= 𝑎(𝑦 − 𝑥 − 𝑓(𝑥))

𝑑𝑦
𝑑𝑡

= 𝑥 − 𝑦 + 𝑧

𝑑𝑧
𝑑𝑡

= 	−𝑏𝑦

	

𝑊ℎ𝑒𝑟𝑒  
𝑓 𝑥 = 	𝑐𝑥 + 0.5 𝑑 − 𝑐 (|𝑥 + 1| − |𝑥 −
1|). 
 

𝑎	 = 	15, 𝑏	 = 	25.58		
𝑐	 = 	−5/7, 𝑑	 = 	−8/7 

(𝑥A, 𝑦A, 𝑧A) 	= 	 (−1.6, 0, 1.6) 
(𝑚 = 	3, 𝜏 = 12) 

(0,0,0)	
𝑐 − 𝑑
𝑐 + 1

	,0, −
𝑐 − 𝑑
𝑐 + 1

	 	

−
𝑐 − 𝑑
𝑐 + 1

	, 0,
𝑐 − 𝑑
𝑐 + 1

	 	
	
		

e 

The following dynamical system is derived 
from Genesio system [13]	

𝑑𝑥
𝑑𝑡

= 𝑦

𝑑𝑦
𝑑𝑡

= 𝑧

𝑑𝑧
𝑑𝑡

= −𝜌𝑥 − 𝑞𝑦 − 𝑧 + 𝑦F − 𝑥𝑦

	

 

𝑝 = 0.8, 𝑞 = 	0.2 
(𝑥A, 𝑦A, 𝑧A) 	= 	 (	0.1, 0.1, 0.1) 

(𝑚 = 	3, 𝜏 = 30) 

0,0,0  
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To simulate the case where the differential equation is absent, the values of 𝑥 variable are used as 
a measurement of the system. In Figure IV, the original phase space (first column) and the 
nullclines (third column) are shown. In Lorenz system (Figure IV. a. third column), for instance, 
it can be clearly seen that the three types of nullcline points are getting close to each other when 
they goes through the centers of the two wings and intersect in the center of the reconstructed 
phase space. This is the location where the states switching their spirals around one wing to the 
other. In addition, the nullclines show signs of convergence in the center of the wings. In fact, 
these locations are the equilibrium points of the system (Figure IV. a. first column). These 
explanations apply for the parts a-e. 

This method benefits form the main properties of the delay embedding theory [14], which 
preserves the structure of the original attractor. The proposed method uses the definition of the 
nullcline in order to reflect the underlying system properties in the reconstructed attractor. 
However, there are practical limitations that are needed to be addressed. 

In the shown examples, the 𝑥 variable is directly used as a measurement of the system to show 
the concept of the proposed nullcline analysis. However, the realistic physical measurement is 
contaminated with noise. In addition, although the reconstructed phase space preserves the 
structure of the underlying dynamic, it is a sparse representation of the original attractor. This 
limits our access to all solution space. When enough information about the evolution of the 
trajectory is provided, the convergence of nullcline points near the equilibrium points is visible. 
This can be clearly seen for Lorenz, Rössler and the derivation of Genesio system. This shows 
that the nullcline points are limited to the reconstructed trajectory on phase space. The proposed 
method depends on the phase space reconstruction. Thus, all limitation of phase reconstruction 
method applies on the proposed method in this work too. 
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Figure IV. The nullcline analysis of five equations (a. Lorenz, b. Rabinovich–Fabrikant, c. Rössler, d. Chua's 
circuit, and e. the attractor which is derived from Genesio system). First column shows the original attractor and the 
equilibrium points with red circles. Second column shows sample measurement (values of 𝑥 variable) of the system. 
Third column shows the reconstructed phase space and estimated nullclines by red (𝑥-nullcline), green (𝑦-nullcline), 
and black (𝑧-nullcline) circles.  


