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Preface 
The project period for “Interactive Visual Exploration of Large Graphs with Enhanced Sampling 

and Summarization” was from January the end of June 2017. 

 

Figure 1: Summarization Interface on Smartphone. The user can zoom and 
move the graph with standard touch gestures. Supernodes are rendered as their 
child nodes forming a circle. A summarization hierarchy appears in the 
information panel on the left. Blue ribbons connecting nodes indicate the next 
summary merges based on slider selection (bottom).  

Executive Summary/Abstract 
Many real-world systems are so large that capturing them entirely, analyzing them to extract 

information, and visualizing them for decision making are resource-consuming and challenging 

tasks. It is necessary to develop sampling and summarization approaches and integrate them 

with visualization interfaces to study large-scale graphs to understand the underlying real-world 

systems. We have designed and implemented a new similarity metric for use in graph 

summarization, allowing large graphs to be rendered more easily. The cross-platform, touch-

based interface in Figure 1 illustrates the summarization hierarchy created by our metric with a 

real-world dataset and allows users to control the level of summarization. 
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Objectives 

Extending our ongoing work, we integrated multiple sampling, summarization, and analysis 

processes into coherent visual exploration interfaces for large graph data. We have also applied 

this to a large dataset for demonstration and evaluation of the approaches. The knowledge 

gained will help develop guidelines for applying the techniques in analytics-aided decision 

making. Our exploration interfaces incorporate visualization, interaction, sampling and 

summarization control, graph browsing, analysis, and visual cues. We have also generalized the 

renderer to support various display types (e.g., standard 2D, large-scale touch, and mobile). 

Methods 

We developed methods to provide a re-usable integrated system building on top of the graph 

library igraph and other APIs. We enhanced summarization and sampling approaches and 

investigated their strengths and weaknesses in relation to graph characteristics. Initially, we 

studied random node sampling, random edge sampling, simple random walk, and path sampling. 

Examples of random node sampling and path sampling are given in Figure 2. We expect these to 

work well on Erdos-Renyi graphs for various characteristics but perform poorly on Barabasi-

Albert graphs (scale-free networks) and Watts-Strogatz graphs (small-world networks). Both 

scale-free and small-world networks appear in practical data sets, so we also investigated various 

approaches such as unbiased crawling and summarization, Simple Random Walk with re-

weighting (SRW-rw), Metropolis-Hastings Random Walk (MHRW), path summarization, k-hops 

neighborhood summarization, betweenness centrality, and Jaccard distance similarity (including 

our new weighted Jaccard similarity). 

 

Figure 2: Graph Sampling Examples. From left to right: original graph, random node sampled graph, and 
path sampled graph. 

Broader exploration of centrality measures can provide more perspectives into data. Initially we 

focused on degree, betweenness and closeness measures. Extensions include Jaccard distance 

similarity, Probabilistic weighted Jaccard distance, and k-hops neighborhood summarization. A 

simulation of distance-based forces where nodes of greater centrality (e.g., degree, 

betweenness) attract lower centrality neighbors. Several attempts were made at this 

summarization algorithm, but the stability of the simulation and the complexity from its global 

nature lead us to choose a local similarity metric (Jaccard). 
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The exploration interface incorporates visualization and interaction methods that provide a user 

with control of the various analytical methods, interactive browsing of visualized graphs, further 

analysis, and access to detailed subgraphs to help understand results. We seek to better guide 

analysis through cues such as highlighting subgraphs based on metrics and summarization 

results. Our front-end also supports various platforms and display types (standard 2D and touch). 

Results and Conclusions 

We have studied graph sampling, summarization, and visualization for large network datasets. 

Two summarization methods based on Jaccard similarity metrics were developed and integrated 

with a visualization front-end. The resulting analytics modules are compatible with the iGraph 

library. We implemented the crawl-based sampling algorithms: Metropolis-Hastings Random 

Walk and Path Sampling.  

We then moved onto Jaccard distance-based summarization to avoid similarity computation for 

all the pairs of nodes in a network. Jaccard similarity lets us consider two-hop neighborhood of 

nodes which reduces computational complexity. In Figure 3, we give several graph summarization 

levels using the Jaccard-based similarity metric. Naïve Jaccard-based summarization is biased 

towards low degree nodes for early node merges. Nodes appearing at earlier merge levels impact 

later merge choices. We developed a weighted version of the Jaccard similarity metric to avoid 

the previous issue (described in more detail in the “Weighted Summarization” section below).  

 

Figure 3: Jaccard-based Summarization Example. From left to right: an original graph, the graph after 
several node merges, and the graph after one additional node merge. The blue ribbon indicates the 
nodes to be merged in the next level. 

We have both sampling and summarization interfaces for visualizing large-scale graphs. Our team 

has provided demonstrations of sampling and summarization visualizations with interactive 

control of parameters. Users can explore the resultant graphs, quickly find the most important 

nodes, and preview upcoming summarization changes. Additionally, highlighting of node clusters 

based on Jaccard-based summarization metrics have been provided.   
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Differences from Current State of Art 

Related Work 

Typical approaches for graph clustering include similarity-based measures but do not provide a 

clustering hierarchy. Graph clustering have been widely studied in several disciplines such as 

community detection, document categorization, image processing, etc. One major requirement 

for these clustering algorithms to work properly is choosing proper distance metric to find node 

similarity. Euclidean distance is found to be the most popular among others. However, Jaccard 

similarity has been used in several studies as well, e.g., web-page clustering [1].  

A novel subgraph querying framework is introduced via subgraph matching where each nodes' 

neighborhood is transformed into multi-dimensional vector to identify the optimal graph 

matches. Jaccard index is used for computing label similarity in IMDB and YAGo dataset [2]. The 

proposed method outperforms state-of-the-art graph matching algorithms. 

A novel technique to create sparse graph by minimizing edges in a network is presented in [3]. 

The method uses minhash signature of the nodes incident to the edge. The sparsified graph 

retains top few edges where Jaccard measure is used to quantify the overlap between adjacency 

list. 

Ioffe [4] proposed an improved consistent weighted sampling using weighted minhash and L1 

sketching where the probability of drawing identical samples from a pair of inputs is equal to 

their Jaccard similarity.  

Fogaras and Rácz [5] introduced a scalable algorithm to exploit the information similarity in the 

large web graph with billions of nodes on a distributed architecture. They used Jaccard 

coefficient, along with other algorithms, to numerically evaluate the similarity of multi-step 

neighborhoods of vertices. The experimental results concluded that the hyperlink structure of 

vertices provides more information within four to five steps than single step neighborhoods. 

The field of visual analytics has produced several works aimed at graph analysis. GraphViz [6] and 

Network Repository [7] count among those combining graph sampling with visual analytics. A 

web-based graph analytics system uses edge sampling with Sample and Hold strategy to support 

streaming graphs. Their algorithm maintains a small amount of state and samples over the 

streaming graph. A survey [8] found multiple methods of selection and interaction, as well as 

multiple analogies for manipulating virtual objects. The authors suggest a framework centering 

on interaction feedback, physically-based virtual object movements, and an understanding of 

prior experience of users. TouchWave [9] and TouchViz [10] allow users to manually interact with 

time-series data in chart form. TouchWave attempts to improve the legibility of chart data, the 

ability to make comparisons, and the scalability to interpret dense datasets. 



7 
Confidential and Proprietary to CVDI 

TimeCrunch [11] attempts to summarize dynamic graphs by finding a lossless compression 

representation of the changes over time. While dynamic graphs are not studied explicitly in the 

current project, the approach of graph compression shows an alternative method for 

representing graph data. 

Kwon et al. [12] performed a graph layout on the surface of a sphere to better visualize graphs in 

an HMD. Their implementation included edge bundling [13], a disambiguation of edge depths, 

and several interaction techniques as the user viewed the graph from the center of a sphere.  A 

user study found subjects could perform certain tasks (e.g., finding nodes or paths) with less need 

for interactions, but the general level of correctness was unchanged. 

Uniqueness 

The summarization methods discussed below includes a weighted version of the Jaccard 

similarity. This approach was developed during our project to remove the observed bias toward 

low degree node merges. By avoiding such a bias, we allow more important nodes to merge at 

earlier stages of the process.  When visualizing the resultant hierarchy, we find these important 

nodes at the top and other nodes will cluster around these in later summarization levels. The 

history of summarization levels is shown as a binary tree structure in the visualization front-end 

with supernodes as internal nodes and original graph nodes as leaf nodes. Our front-end also 

provides dynamic visualizations across multiple device types, such as desktops, laptops, and 

smart-phones.  

Results  

Methods: Jaccard-based Summarization 

Among difference versions of Jaccard-index based similarity metric, we used the naïve Jaccard 

index and created our own weighted scheme for graph summarization.  

Naïve Summarization 

The naïve summarization refers to our summarization routine that uses basic Jaccard-index for 

finding vertex similarity within a graph. The below equation is used for Naïve summarization 

where 𝛤(𝑥) and 𝛤(𝑦) denotes the neighbor set of vertices x and y respectively. 

𝐽𝑥,𝑦 =  
|𝛤(𝑥) ∩ 𝛤(𝑦)|

|𝛤(𝑥) ∪ 𝛤(𝑦)|
 

One major issue of this summarization technique is the bias towards low degree nodes. For initial 

merges, nodes with low degrees are more likely to be merged together. Usually, nodes located 

near the circumference of a graph have lower degrees. As a result, we face imbalance in graph 

summarization for different networks such as citation, drug, social, product search, etc while 
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using naïve method. We, therefore, formulated a weighted scheme of the naïve summarization 

which avoids the bias. 

Weighted Summarization 

According to summarization experiment, there is an empirical relationship between the Jaccard 

distance of two nodes and their neighbor set cardinalities. Particularly, the Jaccard distance tends 

to get smaller as the neighbor set cardinalities increase. However, we are not sure whether the 

partition is between the Jaccard distance and sum of cardinalities or even some complex function 

of cardinalities. We explain our formulation for weighted Jaccard similarity which can remove the 

bias while summarization process. 

Let x and y be two vertices of G=(V,E). Let 𝛤(𝑥)  and 𝛤(𝑦) are the degrees of the nodes x and y. 

The question is that "when we pick two random nodes in G, what is the probability of the first 

node having degree k, the second node having degree l and the intersection of their neighbor 

sets being j”. We formulated the following equation. 

 

The probability in part-I depends on the degree distribution of the graph. We can also assume 

that the graph is large and sampling with replacement can approximate sampling without 

replacement. hence, 𝛤(𝑥) = 𝑘  and 𝛤(𝑦) = 𝑙  are independent events. We can compute the 

degree distribution empirically. We need to focus on part-II which can be expressed in the below 

equation where |V|=N. 

 

Part-I refers to the number of ways to select j nodes out of N-2 nodes. Part-II refers to the number 

of ways to select the remaining k-j nodes for 𝛤(𝑥) out of the remaining N-2-j nodes. Part-III refers 

to the number of ways to select the remaining l-j nodes for 𝛤(𝑦) out of the remaining N-2-J-(k-j) 

nodes which simplifies to N-2-k. Part-IV and V refers to the number of ways to select l and k nodes 

out of N-2 nodes respectively.  
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The right-hand side of the previous equation can be simplified further to get 
(𝑁−2−𝑘

𝑙−𝑗 )(𝑘
𝑗)

(𝑁−2
𝑙 )

. Thus, the 

weighted Jaccard distance will be computed by multiplying the reciprocal of this term with the 

actual Jaccard term which is 
|𝛤(𝑥)∪𝛤(𝑦)|

|𝛤(𝑥)∩𝛤(𝑦)|

(𝑁−2
𝑙

)

(𝑁−2−𝑘
𝑙−𝑗 )(𝑘

𝑗)
. We applied Stirling’s approximation to compute 

(𝑁−2
𝑙

)

(𝑁−2−𝑘
𝑙−𝑗 )(𝑘

𝑗)
 where (N-2) and (N-2-k) is large compared to l and l-j. The below equation is used for 

the approximation. 

 

Methods: Graph Visualization and Interaction 

We have designed and implemented two visualization front-ends for our graph analytics projects. 

One, a C++ OpenGL application geared towards controlling sampling algorithms, sends requests 

to and receives graph data from a custom analytics server. Communication, in this case, occurs 

over a network socket, but could also be implemented with a shared memory object. Our second 

front-end is implemented in JavaScript and receives graph summarization data from an HTTP web 

server in the form of JSON files. Rendering and interactions are built upon D3.js, a data-driven 

JavaScript library. 

Graph Sampling Front-End 

The graph sampling front-end (Figure 4) caches topological information (e.g., node degree and 

sorted neighbor lists) and graph layouts in a format efficient for graphical rendering. A multi-

touch visualization station provides interactive graph analysis to users. The basic navigation and 

selection tasks follow standard, intuitive gestures such as tap to select and pinch to zoom. Our 

application-specific interactions included dataset, sampling algorithm, and CDF plot creation, all 

accessed through a menu. Users can request more or less of the original graph by adjusting the 

sampling parameter. The CDF plots are located on the right border of Figure 4 and act as an 

interaction area for users to define a range of interest for several centrality metrics. This system 

was described in our peer-reviewed publication [14]. 
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Figure 4: Visualization Station for Graph Sampling. The sampling algorithm can be 
chosen from the buttons on the left. The sampling parameter can also be adjusted 
up (+) and down (-) by a constant ratio. Users can request more information about 
a node by selection. 

Once a dataset and sample have been selected, the visualization station sends a sample request 

to the analytics server. Progress reports (percent complete) are updated while the sampling 

algorithm executes. The visualization station extrapolates completion time based on time passed 

thus far and provides both percentage and time estimate to the user. When the sampling 

algorithm completes, the visualization station automatically requests the node and edge lists 

from the analytics server. Two graph rendering methods are supported: pre-rendered and direct-

rendered. The pre-rendered method creates a high-resolution texture of the graph drawing that 

allows faster draw and interaction rates. We currently choose rendering method based on node 

and edge counts, but a more robust, hardware independent choice might consider average frame 

rate during idle rendering.   

Graph Summarization Front-End 

In the JavaScript frontend (Figure 5) for our graph summarization project, graphs are transformed 

into objects by D3’s implementation. A function queries the server for a JSON file and executes 

an asynchronous callback with the JSON object as a parameter. Figure 6 illustrates the 

communication with the web server. The graph is represented internally as a node list and an 

edge list. Each node object contains centrality measures (as computed by the web server), 2D 

position and velocity values, an index, and a title. Each edge object contains source and target 

indices and a weight. 
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Figure 5: Summarization front-end features. In the information pane (left) a history of the summaries 
contained within a supernode is shown as a binary tree, and the metric distributions are given for the 
same supernode. On bottom, a slider allows users to adjust the level of summarization, either requesting 
new levels from the web server or expanding existing levels based on an internal history. The 
summarized graph (right) is shown with a preview ribbon indicating which nodes will be merged in the 
next summary levels. 

Graph layouts are computed dynamically by a customized version of D3’s force-directed layout 

implementation. Users can also manipulate node positions dynamically. The title and centrality 

information of each node selected also appears in an information panel. When a supernode is 

selected, a history of summarization levels is displayed in the form of a binary tree. Centrality 

distributions of selected supernodes are displayed at the bottom of this panel. 

The history of summarization levels are stored within the supernodes as binary tree objects. 

When a new supernode is created, the tree (or leaves) from the previous level become the left 

and right children (top bottom and top respectively in the rotated tree above). For consistency, 

supernode trees are always added as the left child. To render the tree of a selected supernode, 

we perform a depth-first traversal of the root tree object and accumulate the paths to each node 

in a series of recursive calls. The tree rendering is then handled by d3.js parsing and stratification 

functions.  

In summarizing graphs, nodes are merged into supernodes. When we receive a summarization 

merge, it can fall into one of three cases: two leaf nodes merging, two supernodes merging, or 

one leaf node and one supernode merging. When two leaf nodes merge, a new supernode is 
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formed and these two are the children. To merge two supernodes, the node that was created 

more recently absorbs to other. The final case, adding a lead node to a supernode, requires 

copying the existing supernode and adding the leaf to its child list. This is necessary to facilitate 

later splitting of supernodes.  

After a merge, the original topology is maintained in memory, but graph components are drawn 

based on the summarization. We render nodes contained within supernodes based on an 

attribute superNodeIndex. Edges are rendered between supernodes (rather than the nodes 

within them) also based on superNodeIndex in either the source or target of the edge. Similar 

logic is used when updating the force-directed layout.  

 

Figure 6: Flowchart of Summarization Module in Web-based Analytics Server and JavaScript Front-End.  

Methods: Web Server Integration 

The previous two components reside in a Python-based web server implementation. After igraph 

(igraph.org) reads and stores an input graph, Bottle (bottlepy.org) allows us to serve both 

dynamic and static web pages. We programmatically generate the dynamic web pages based on 

the input graph and summarization state (summarized topology and numerical level). In Figure 6 

these dynamic web pages contain results from our analytics processes as requested by touch 

gestures.  

Using Bottle’s API, our web server converts the graph as currently summarized (if at all) into a 

JSON file. Our web-based summarization algorithm accepts one parameter representing the 

desired summarization level. Starting from the existing summarization state, all summarization 

steps up to and including the desired level are returned in a single JSON file. For example, if the 

current summarization level is 11 and the user requests level 14, the JSON output of Figure 7 

might be produced.  
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Figure 7: Example JSON output. A series of summarization levels starting at 
level 12 and ending at level 14 are sent to the front-end. 

Static files such as the Javascript front-end’s source code and dependencies (e.g., D3.js) are 

hosted in a separate directory. Due to security considerations against cross-site scripting in 

modern browsers, such files must be hosted on the same server as the originally requested web 

page. In this case, our visualization the front-end is requested as an HTML page. 

 

Figure 8: The summarization frontend running several devices. From left to right, a touch-screen 
laptop, a smart-phone, and a desktop with mouse. 

The front-end runs in any modern web browser and can be accessed from a multitude of devices. 

We have tested the front-end on a desktop, laptop, and smart-phone (see Figure 8). Both the 

physics-based layout and summarization history tree operate efficiently on all tested devices. The 

interaction on smaller screens must be adjusted slightly to handle smaller touch targets and 

visual scales.  

{"start_level":12,"end_level":14,"levels":  

  [ 

    {"node_1": 76, "node_2": 13, "new_node": 76}, 

    {"node_1": 52, "node_2": 77, "new_node": 52}, 

    {"node_1": 25, "node_2": 28, "new_node": 25} 

  ] 

} 
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Experimental Results 

In this section, we present our empirical evaluation of summarization techniques for a High 

Energy Physics citation dataset [15]. As our algorithm merges two nodes based on their Jaccard 

similarity, the network size is reduced by one vertex at each step. For simple evaluation and 

explanation, we plot the first 40 merges for both Naïve and Weighted Jaccard metric. 

Additionally, we present both node degree and closeness centrality to explain the need for 

weighted Jaccard metric.  

 

Figure 9: Explanation of how node bias works in naïve Jaccard similarity metric. 

To explain why we do not want biasness while computing node similarity using naïve Jaccard 

metric, we provide a simple example in Figure 9. Let us consider nodes A and B in two cases. 

Firstly, node A and B both have a common neighbor. Secondly, nodes A and B have 5 common 

neighbors, and their degrees are 7 and 8, respectively. Considering naïve Jaccard similarity, we 

have J(A,B) = 1 for case I and J(A,B) = 0.2. As a result, naive Jaccard similarity approach suggests 

to merge nodes A and B when they have lower degree and less common nodes. This is not desired 

at the initial node merge, which we call bias. To mitigate this issue, we introduce weighted 

Jaccard similarity which choses case II over case I for initial node merges, thus avoids bias.  

Figure 10 and Figure 11 present the degree of node pairs merged in the first 40 levels for Naïve 

and Weighted Jaccard metric respectively.  In Figure 10, it is evident that the initial merges consists 

of low degree nodes. The node degree increased after 20th merge for Naïve Jaccard method. 
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Figure 10: First 40 node merges and corresponding degrees from citation network based on 
Naïve summarization. 

On the other hand, Figure 11 presents the node degree of Weighted Jaccard method where first 

few pairs with high degree nodes are merged together. We can see both high degree and low 

degree node merges in the first 40 merge window which is not the case in Figure 10. Now, one 

may ask how we know that those low degree nodes are from the peripheral of the network. To 

illustrate the matter in more detail, we explain the merges with the help of their closeness 

centrality values that represents how far a node is from the other nodes in a network. 

  

Figure 11: First 40 node merges and corresponding degrees from citation network based on 
Weighted Jaccard summarization. 

Closeness centrality [16] for a graph G=(V,E) is measured in terms of the average length of the 

shortest path which is expressed in the below equation. 

 

where d(y,x) presents the shortest distance between node x and y. |V| = N is the number of 

nodes in the network. Lower closeness value refers to the nodes which are closer to the center 

of a network.  
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Figure 12 and Figure 13 represent the closeness centrality metric for very node pairs those were 

merged at each step for the first 40 steps of Naïve and Weighted Jaccard method respectively. 

Initially, the node pairs have higher closeness centrality in Figure 12 which refers to the nodes to 

be away from the center of the network.  

 

Figure 12: Closeness centrality of node pairs before merged into a single node for Naïve 

Jaccard similarity metric.  

On the other hand, initial node pairs have lower closeness centrality for weighted Jaccard metric 

in Figure 13. Usually, the nodes at the peripheral of the network have lower degree and more 

common neighbors between two nodes. On the other hand, central nodes have smaller ratio of 

between node degree and common neighbors. As a result, the naïve Jaccard method does not 

reflect natural node merge. 

 

Figure 13: Closeness centrality of node pairs before merged into a single node for Weighted 
Jaccard similarity metric. 

Functionality of Innovation(s) 
We have developed a new summarization approach using weighted Jaccard similarity and 

designed an interface showing summarization hierarchies and layouts. These have been 

integrated into a software system supporting graph sampling and characteristic summarization 

with graph visualization and touch/gesture support. The hierarchy of samples is presented to 
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users in an interactable tree structure, along with a force-based graph simulation. The sampling 

and summarization algorithms are compatible with igraph. Our experimental evaluations also 

contribute practical knowledge about information loss and bias in graph sampling and 

summarization. The relationships between summarization methods and graph characteristics 

were demonstrated for two variants of the Jaccard-based similarity metric, removing the naïve 

variant’s bias toward low degree nodes. 

Conclusions and Recommendations 
Our initial experiments showed an improvement of graph summarization over the naïve Jaccard 

similarity metric. We suggest a weighted Jaccard metric where the summarization priorities are 

distributed uniformly among both low degree nodes and high degree nodes. This resulted in the 

removal of node bias. The node choices at early summarization levels impact the choices at later 

levels, providing further incentive to remove biases.  

Summarization also acts as hierarchical clustering, after a fashion. The progress of graph 

summarization levels is illustrated by ribbons encircling the relevant nodes. A user may preview 

upcoming collapses before any changes are made to the graph diagram. We allow users to 

browse the history of graph collapses by generating a stylized binary tree containing supernodes 

at the internal nodes and the original graph nodes as leaf nodes. 

Impact and Uses/Benefits 
Complex networks have been studied across different fields of science such as mathematical, 

scientific, and engineering perspectives. For example, a citation network [15] is described as a 

set of academic papers where a connection represents one paper referencing another. In 

studying human disease propagation, researchers are interested in finding the correlation 

between diseases that are often diagnosed together. Diagnoses can form a complex network 

with diseases connected based on the frequency of co-occurrence in a patient population. 

Another common example of complex networks can be the World Wide Web, the largest network 

humanity has ever built. In this network, the nodes are documents and the links are the uniform 

resource locators (URLs) embedded within the documents.   

The proper visualization and monitoring of business processes is crucial for any enterprise. By 

using weighted summarization, we can provide an integrated model of the overall process, 

reduce the size of the dataset, observe connectivity and relationships among business processes, 

and identify what methods are suitable for analysis. The creation of graph summaries allows 

more efficient community detection within a variety of networks, such as product-consumer 

networks and online social networks. 
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For companies and business, it is crucial to retain customers, build loyal relationships, and 

thereby avoid customer acquisition costs. Having a graph of customers and modeling their 

behavior helps us to have insight of the data and maximize customer loyalty, retention and 

lifetime value. Weighted summarization can assist in the analysis and prediction of a new product 

and its impact on customers and help us to find the core cluster of customers. By understanding 

the different clusters of customers, we can observer the patterns of firmographic, demographic, 

and behavioral trends that correlate strongly with high-volume, modestly valuable, and 

borderline churn customers. 

Due to the dynamics of the economy, the marketplace and company decision making can never 

be captured fully beforehand. However, by using a summarized model, we can estimate potential 

revenue sources (e.g., assist advertising agencies in choosing which companies to approach). We 

can identify which revenue source to pursue, what value to offer, how to price the value, and 

what markets can bear that price.  
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